The Fractional Quantum Hall (FQH) effect has been predicted to occur in absence of magnetic fields and at high temperature in lattice systems that have flat bands with non-zero Chern number. We demonstrate that orbital degrees of freedom in frustrated lattice systems lead to a narrowing of topologically nontrivial bands. This robust effect does not rely on fine-tuned long-range hopping parameters and is directly relevant to a wide class of transition metal compounds.
peculiar strengths, which in real materials represents a rather formidable challenge from an experimental point of view.
We consider orbital degrees of freedom as an alternative agent for band flattening. Orbitals naturally occur in many transition metal (TM) compounds, which at the same time feature strong electron-electron interactions [21, 22] . We concentrate on manganites, where Mn 3+ ions are in a high-spin 3d 4 configuration, with three electrons in the more localized t 2g states forming a spin of 3/2 and one electron in either of the two more itinerant e g orbitals ferromagnetically coupled to this spin. Apart from other 3d systems besides Mn, the versatile class of TM oxides also contains 4d and 5d materials with orbital degrees of freedom, of which ruthenates [23] and iridates [24, 25] are important examples.
We will show that in the presence of a chiral spin texture, such an orbital make-up leads to nearly flat topologically nontrivial bands. It is well established that geometric frustration may stabilize non-coplanar spinchiral magnetic textures when itinerant electrons couple to localized spins [26] [27] [28] [29] [30] . The Berry phase acquired by the electrons then leads to topologically nontrivial bands [27, 28, [31] [32] [33] . The pronounced spatial anisotropy of the e g and t 2g orbitals strongly affects the symmetry of hopping integrals, even suppressing hopping completely along some directions [21] . This can result in very flat bands like the dispersionless bands found in several multiorbital TM compounds -a number of antiferromagnetic phases in cubic manganites are stabilized by such a mechanism [34, 35] . Here, we report a strong orbital-induced flattening of topological bands in spin-chiral phases on frustrated kagome and triangular lattices, demonstrating that orbital degrees of freedom of transition-metal ions generically provide a route to realizing a lattice version of the FQH effect. We also present indications that residual interactions can then induce a FQH state.
Chiral spin textures-We first summarize the situation on the triangular and kagome lattices for mobile charge carriers without orbital degrees of freedom in presence of a nontrivial spin-texture. The Kondo Lattice Model, which describes the interaction between localized (t 2g ) spins and itinerant (e g ) electrons, exhibits a topologically nontrivial chiral spin state on the triangular lattice [27] [28] [29] . This state has a four-sub-lattice ordering, illustrated in Fig. 1 (a) and a finite scalar spin chirality S 1 · S 2 × S 3 = 0 for spins on the corners of triangles. The situation then becomes equivalent to electrons hopping on a triangular lattice with a fictitious gauge flux of φ = π/2 threading each triangle, see Fig. 1 . The effective electronic Hamiltonian has a two-site unit cell [27] and two bands, with Chern numbers ±1, separated by a gap. On the kagome lattice, a staggered flux pattern, shown in Fig. 1 , can result from topologically nontrivial spin states, where a flux φ threads each triangle and a flux −2φ each hexagon [31] . Time-reversal symmetry is broken for φ = 0, π and two gaps open, leading to three bands. The middle band has zero Chern number, but the lowest and highest are topologically nontrivial with C = ∓sgn(sin φ) [31] . However, all topologically nontrivial bands have a considerable dispersion on both lattices, which we will now show to be substantially reduced by the presence of an orbital degree of freedom.
Orbital degree of freedom-In many TM oxides, the TM ions are inside oxygen octahedra, which are edgesharing in a triangular lattice, see Fig. 1 . The cubic symmetry splits the TM d levels into three t 2g and two e g orbitals. We focus mainly on the latter, but later also demonstrate an analogous effect for the former. Along the a 1 = (0, 1) direction, indicated by a dotted line in Fig. 1 , hopping for e g orbitals conserves orbital flavor and is given by t (t ) for the |x 2 − y 2 (|3z 2 − r 2 ) orbital. Hoppings along the other two bonds are obtained by a rotation in orbital space, the hopping matrices along all three bonds are given by Eq. (1) in [36] . We use t as unit of energy and vary the material-dependent ratio t /t between −1 and 1, concentrating on t /t < 0 inferred from direct overlaps of the orbitals [37] . For our fillings of approximately one electron per site, the Jahn-Teller effect is important and can induce a uniform crystal field H JT = ∆(n x − n z ), lifting orbital degeneracy [38] .
The two sites of the unit cell in the spin-chiral phase [27] together with the two e g orbitals give a 4 × 4 Hamiltonian in momentum space, see [36] . Figure 2 shows the energy bands calculated for a strip geometry, with periodic boundary conditions in one direction and two edges in the orthogonal direction. For a large enough crystal-field splitting ∆ > t, t , a gap separates bands with different orbital character. Within each subsystem, chiral magnetic order induces a further splitting into two topologically nontrivial bands with Chern numbers C = ±1. This is unambiguously indicated by the topological edge states connecting the bands with C > 0 and C < 0 in Fig. 2(a) . The transverse Hall conductivity σ n xy is shown in Fig. 2 (b) and directly reflects the topological character of the bands.
The gap between the topological bands is smaller in the upper ( x 2 −y 2 ) sector, but robust between the two 3z 2 − r 2 bands below the crystal-field gap. The upper band of the 3z 2 − r 2 sector with C = −1, has a weak dispersion, becoming nearly flat for t ≈ −t/2, see Fig. 2 gaps M separating it from other bands to its band width W . Here we monitor both the 'topological' gap (M + ), which is induced by chiral order and the 'trivial' crystalfield gap (M −1 ), which separates it from the x 2 −y 2 sector above. Figure 3 (a) shows these ratios depending on t and ∆, the relevant figure of merit is the smaller of the two ratios M + /W and M −1 /W . It is appreciable in a broad range of ∆ and t , reaching a maximum of ∼ 4.25 for ∆ = 2.5 and t = −0.45.
We can also consider t 2g orbitals |xy , |xz , and |yz . The hopping matrices are given in Eq. (2) of [36] and consist of inter-orbital hopping t (primarily via ligand oxygen ions [39] ) and orbital-conserving hopping t due to direct overlap [40] . In a three-fold symmetry, the t 2g manifold is further split into one a 1g and two e g states separated by a crystal field H JT [41]. Qualitatively, we find similar behavior as for e g orbitals, but the figure of merit reaches M/W ≈ 14, see Fig. 3(b) . This extraordinarily large M/W reflects the very large spatial anisotropy of t 2g hopping integrals, well-known in triangular vanadates [39] and cobaltates [40] .
After discussing the triangular lattice, we now come to e g orbitals on the kagome lattice illustrated in Fig. 1(b) . The lattice has a three-site unit cell, and one proceeds with an approach analogous to the two-site unite cell discussed above, for details see [36] . Bands are again separated by the crystal field into two parts with a different orbital character, see Fig. 2 . While the x 2 − y 2 sector is hardly gapped, the 3z 2 − r 3 sector shows three subbands with C = 0, ±1 similar to the one-band model [31] . Again, the topological character can be inferred from edge states and is confirmed by the Hall conductivity shown in Fig. 2(d) and as for the triangular lattice, the top band of the 3z 2 − r 3 sector (with C = +1) is very flat for t ≈ −t/2. The figure of merit M/W is plotted in Fig. 3(c) ; it reaches values up to ∼ 3.5 for ∆ = 2.75 and t = −0.45, compared to W/M 1 in the one-band model without orbital degrees of freedom.
FQH state induced by residual interactions-After showing that orbital degrees of freedom can lead to flat bands with Chern number C = 0, we analyze the impact of Coulomb repulsion on the triangular-lattice e g system. 
(Color online) Lowest energies of the interacting eg system on the triangular lattice, depending on flux inserted for (a) U = 2, V = 1, and (b) U = 4, V = 2. The ED results presented here were obtained for a 2 × 6 system with t /t = −0.46 and ∆ = 1.5, see [36] .
We include electron-electron interactions
where n i,α is the electron density in orbital α on site i, U acts on electrons occupying two orbitals on the same site, and V gives the nearest-neighbor (NN) interaction. Following Refs. [15, 19] , we use Exact Diagonalization (ED) to study signatures of FQH-like states for a filling 1/3 of the topologically nontrivial flat band. For details on the parameters and the method, see [36] . We find an approximate threefold ground-state manifold, which is an indication for the topological degeneracy of a FQH state. The three "ground states" cross each other upon inserting a magnetic flux[42], see Fig. 4 and [36] , in agreement with results for other models [15, 43, 44] .
Discussion-The flattening due to the orbital degrees of freedom presented here can be further enhanced by introducing and fine-tuning longer-range hopping integrals, as in one-band models. Perfectly flat and topologically nontrivial bands (M/W → ∞) can in principle be obtained by allowing for arbitrarily long-range hoppings [14] . We do not explore this here, as we aim to show that the anisotropy inherent in d-orbital degrees of freedom can robustly flatten topological bands even with purely NN hopping, and obtain flattening ratios up to M/W ≈ 4 (M/W ≈ 14) for e g (t 2g ) systems.
Orbital degrees of freedom are directly relevant to numerous well-known TM systems. Manganese compounds alone, which closely correspond to the e g model studied here, occur in a variety of crystal structures: in simple cubic or square lattices in La 1−x Sr x MnO 3 and LaSrMnO 4 , honeycomb in e.g. Li 2 MnO 3 or (Bi 3 Mn 4 O 12 )NO 3 but also in strongly frustrated pyrochlore lattices as in e.g. Ti 2 Mn 2 O 7 and in triangular lattices as in YMnO 3 . The pyrochlore lattice, in particular, is realized by the B-site TM ions in the very common spinel crystal structure, and can be thought of as consisting of kagome and triangular layers stacked along the (1, 1, 1) direction. Singling out the triangular or kagome layers, possibly via chemical substitution or controlled monolayer growth, may thus lead to systems similar to the ones studied here.
A FQH ground state needs an interaction V that exceeds the bandwidth (V > W ), but remains smaller than the gap (V < M ) so that bands are not mixed. Fortunately, TM oxides have substantial Coulomb interactions and NN repulsion V can become as large as or larger than the hoppings. On the other hand, it is almost always smaller than onsite repulsion, which increases one of the two gaps delimiting the flat band [36] . The remaining challenge is thus to keep the effective interaction small compared to the gap separating the bands with C = ±1. A large figure of merit M/W provides a large window for this separation of energy scales W < V < M and our ED results in Fig. 4 suggest that one indeed has some flexibility in this regard, as interactions differing by a factor of two lead to similar results. The crystal field splitting needed to obtain the desired flattening can be varied by applying (chemical) pressure. Finally, many of these materials, manganites in particular, are easy to dope which allows control of the (fractional) band filling.
Theoretically, there is no fundamental objection to the realization of lattice FQH states, but it remains an intriguing challenge from an experimental and practical point of view. We have demonstrated here that d-orbital degrees of freedom, ubiquitous in TM compounds, substantially narrow the topologically nontrivial bands of electrons moving in a background of non-coplanar spins. The separation of energy scales is comparable to that achievable by long-range hopping, and we find signatures of a FQH-like ground state. In the search for the lattice FQH effect, geometrically frustrated TM compounds with an orbital degree of freedom thus come to the fore as a promising class of candidate systems. The appendices presented here correspond to the supplementary material of the published version.
Hoppings and Crystal fields in orbital space
For e g orbitals, the hopping matrices written in the (|3z 2 − r 2 , |x 2 − y 2 ) T = (|z , |x ) T basis arê
along a 1 , a 2 , and a 3 , respectively. For the t 2g orbitals with the basis (|xy , |xz , |yz ), the hopping matrices arê
The onsite term representing the crystal field splits the orbital degeneracy; for the e g orbitals, it is simply (see main text)
For the t 2g system, the crystal field related to elongating or shortening the octahedra is naturally expressed in the {a 1g , e g+ , e g− } basis reflecting the triangular symmetry. It is then given by H JT = ∆(n eg+ +n eg− −2n a1g )/3, which can be expressed in the original {xy, xz, yz} basis via the basis transformation defined in Ref. 40 and becomes
(A4)
Hamiltonians on the Triangular and Kagome lattices
Even though the spin pattern underlying the chiral spin state on the triangular lattice has a four-site unit cell, the electronic Hamiltonian has only a two-site unit cell and can thus be described by a 2×2 matrix if the original model is a one-band model. [27] With an underlying multi-orbital Hamiltonian, this becomes a Hamiltonian matrix consisting of four blocks (H 11 , H 12 , H 21 and H 22 ), where the blocks refer to the lattice sites of the spatial unit cell and are matrices in orbital space, leading to
H JT + H 22 with (A5)
and a 1 + a 3 = a 2 . The hopping matrices T i are the 2 × 2 matrices Eq. (A1) for e g electrons and the 3 × 3 matrices Eq. (A2) for the t 2g system. The matrices H JT given by the crystal field refer to Eqs. (A3) and (A4), correspondingly. The lattice vectors of the kagome lattice are a 1 = (−1/2, − √ 3/2), a 2 = (1, 0) and a 3 = (−1/2, √ 3/2); they connect the three sites A, B and C of the unit cell, see Fig. 1(c) of the main text. With the two e g orbitals per site/momentum, the basis in momentum space becomes
T . The hoppings between the octahedra forming the kagome lattice have triangular geometry as well, and due to the three-site unit cell in real space, the Hamiltonian consists of nine blocks, where each block is again given by a matrix taken from Eq. (A1) within the e g -orbital space. This leads to
The diagonal blocks M 0 = H JT refer to the crystal field splitting Eq. (A3).
Interacting Hamiltonian
In our Exact diagonalization (ED, see below) studies, we add to the kinetic energy Eq. (A5) of the e g system on the triangular lattice the Coulomb interaction terms as given in the main text. It should be noted that the nearest-neighbor interaction V is defined on the original underlying triangular lattice, i.e., the same interaction V acts both between the two real-space sites of the same unit cell and between sites in different unit cells, if these sites are nearest-neighbors on the triangular lattice. When adding these interactions to the Hamiltonian, we have to take into account that U implies an additional energy cost for electrons in the energetically higher [see Fig. 2(a) of the main text] x 2 −y 2 orbitals, thus changing the crystal field splitting ∆. In our ED calculations, we therefore reduce ∆ from the value ∆ = 2.5 that would give the flattest band.
Appendix B: Methods
Chern number calculation
In the main text we present the Hall conductivity as a proof of the topological nature of the bands. The topological invariant characterizing the bands, the Chern number C n (where n is a band label), is related to the transverse Hall conductivity as
where J i is the current operator in the i-direction, given by J i = k c † k (∂H(k)/∂k i )c k and f is the Fermi-Dirac function. A n (k) is the so-called Berry connection as function of momentum k and defined by A n (k) = −i u n (k)|∇ k |u n (k) .
Exact diagonalization
Exact diagonalization studies were only performed for the e g triangular lattice model, because this case has the smallest unit cell of the models considered here. Even so, only very small systems are accessible. We use N x × N y real-space sites, giving N c = N s /2 = N x ×N y /2 unit cells of the chiral phase, but N sp = 2N s "generalized" orbitals determining the size of the Hilbert space. There is no spin degree of freedom, i.e., we study spinless fermions. The filling is the one expected to correspond to the simplest FQH state, i.e., ν = 1/3 filling of the nearly flat band. Since this band is close to half filling, this also implies a total filling of 1/3, i.e., an electron number of N e = N sp /3.
Due to the large number of "generalized" orbitals per unit cell and due to the fact that our total electron filling is closer to half filling (which additionally increases the size of the Hilbert space), the lattice sizes accessible are considerably smaller than for models considered previously. [15, 19] Since we need the total number of sites to be divisible by 3 in order to obtain 1/3 filling and since we also want bot N x and N y to be even, we consider a 2 × 6 "ladder" (N c = 6, N sp = 24). For simplicity, we "distort" the triangular lattice and assume the x direction to lie along a 1 and the y direction along a 2 to be orthogonal, the third nearest-neighbor bond is still determined by a 3 = a 1 − a 2 .
The Hamiltonian is invariant under translations, hence total momentum constitutes a good quantum number. Figure 5 shows the lowest two eigenvalues within the sectors corresponding to the total momenta possible on a 6 × 1 chain (the two sites in y-direction define the twosite unit cell in real space), and one clearly sees three low-energy states separated from the remaining spectrum by a gap. Adiabatic flux insertion is implemented by dividing the total flux φ in smaller phases φ/N x added to each hopping process, which is equivalent to using twisted boundary conditions and preserves translational invariance. This replaces the two hopping matrices whose corresponding lattice vectors have a component along a 1 , i.e., T 1 and T 3 by T 1 e iφ/Nx and T 3 e iφ/Nx . Figure 4 in the main text shows the evolution of the ground state manifold as function of the inserted flux. The system assumes an equivalent, yet not identical, state after one unit φ = 2π of flux is threaded through the system, meaning that states in the ground state manifold have switched places. After 3 periods of flux insertion, where 3 corresponds to the inverse of the filling fraction, ν −1 , with ν = 1/3, we recover an identical situation as zero flux. Figure 6 here in the supplemental information here shows the same for various other parameter sets, indicating that the behavior is stable. This level crossing of the degenerate many body ground state manifold reveals the existence of the FQH ground state, provided that the spectral gap persists in the thermodynamic limit, in order to unambiguously exclude a charge density wave. [43] We cannot address larger system sizes here, but some progress can hopefully be made in the future. Fig. 4(a,b) . The ED results presented here were obtained for a 2 × 6 system with t /t = −0.46.
(2003).
[41] In the (|xy , |xz , |yz ) basis, {HJT}ij = −∆/3 for i = j and {HJT}ii = 0. 
